Counting non-commensurable hyperbolic manifolds and a bound on
  homological torsion by Petri, Bram
COUNTING NON-COMMENSURABLE HYPERBOLIC
MANIFOLDS AND A BOUND ON HOMOLOGICAL TORSION
BRAM PETRI
Abstract. We prove that the cardinality of the torsion subgroups in homol-
ogy of a closed hyperbolic manifold of any dimension can be bounded by a
doubly exponential function of its diameter. It would follow from a conjecture
by Bergeron and Venkatesh that the order of growth in our bound is sharp.
We also determine how the number of non-commensurable closed hyperbolic
manifolds of dimension at least 3 and bounded diameter grows. The lower
bound implies that the fraction of arithmetic manifolds tends to zero as the
diameter goes up.
1. Introduction
Recently there has been a lot of progress on understanding the relation between
the volume of a negatively curved manifold and its toplogical complexity. In this
note, we will instead consider the relation between complexity and diameter. We
will restrict to closed hyperbolic (constant sectional curvature −1) manifolds.
The main upshot of considering the diameter instead of the volume is that we
obtain bounds in dimension 3.
1.1. New results. Recall that two manifolds are called commensurable if they
have a common finite cover. The diameter of a commensurability class of mani-
folds is the minimal diameter realized by a manifold in that class. Given d ∈ R+
and n ≥ 3, let NCdiamn (d) denote the number of commensurability classes of
closed hyperbolic n-manifolds of diameter ≤ d. We will prove
Theorem 1. For all n ≥ 3 there exist 0 < a < b so that
a · d ≤ log(log(NCdiamn (d))) ≤ b · d
for all d ∈ R+ large enough.
Note that the analogous statement in dimension 2 is false. Since surfaces have
large deformation spaces of hyperbolic metrics (see eg. [Bus10] for details), it is
not hard to produce an uncountable number of non-commensurable hyperbolic
surfaces that have both bounded diameter and bounded volume.
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Our upper bound follows directly from a result by Young [You05] (see also
Equation (5)) that estimates the number of manifolds up to a given diame-
ter. However, for his lower bound, Young uses finite covers of a fixed mani-
fold, which are all commensurable. We will instead consider a collection of non-
commensurable manifolds constructed by Gelander and Levit [GL14] and will use
results on random graphs due to Bollobás and Fernandez de la Vega [BFdlV82]
to argue that most of these manifolds have small diameters.
Because NCdiamn (d) is finite for all n ≥ 3 and d ∈ R+, we can turn the set of
commensurability classes of closed hyperbolic n-manifolds of diameter ≤ d into
a probability space by equipping it with the uniform probability measure. That
is, given n ≥ 3 and d ∈ R+ and a set A of commensurability classes of closed
hyperbolic manifolds of diameter ≤ d, we set
Pn,d[A] =
|A|
NCdiamn (d)
,
where |A| denotes the cardinality of A.
It follows from Theorem 1 together with results by Belolipetsky [Bel07] for
n ≥ 4 and Belolipetsky, Gelander, Lubotzky and Shalev [BGLS10] for n = 3 that
most maximal lattices are not arithmetic:
Corollary 1. Let n ≥ 3. We have
lim
d→∞
Pn,d[The manifold is arithmetic] = 0.
Similar results have been proved in dimension ≥ 4 by Gelander and Levit
[GL14] with diameter replaced by volume and by Masai [Mas14] for a different
model of random 3-manifolds: random 3-dimensional mapping tori built out of
punctured surfaces.
We show that for closed hyperbolic manifolds, the size of homological torsion
can also be bounded in terms of the diameter of the manifold.
Theorem 2. For every n ≥ 2 there exists a constant C > 0 so that
log log (|Hi(M,Z)tors|) ≤ C · diam(M)
for all i = 0, . . . , n for any closed hyperbolic n-manifold M .
Let us first note that for n = 2 our theorem is automatic, since all torsion
subgroups in the homology of a closed hyperbolic surface are trivial. Moreover,
in dimension at least 4 results by Bader, Gelander and Sauer [BGS16] (see also
Equation (2)) together with a comparison between volume and diameter (Lemma
2.1) also prove Theorem 2. However, it is known that in dimension 3, this method
cannot work.
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We also note that to prove that our theorem is sharp, the most likely examples
would be sequences hyperbolic manifolds with exponentially growing torsion and
logarithmically growing diameter. Examples of such sequences are abelian covers
[SW02, Rai12, BBG+17], Liu’s construction [Liu17] and random Heegaard split-
tings [Kow08, BBG+17]. However, these manifolds are not known to have small
diameters and in some cases are even known not to have small diameters. On the
other hand, certain sequences of covers of arithmetic manifolds are conjectured to
have exponential torsion growth by Bergeron and Venkatesh [BV13]. It is known
that the corresponding lattice has Property (τ) with respect to this sequence of
covers [SX91], from which it follows that their diameter is small by a result of
Brooks [Bro88] (see Sections 2.1 and 2.4). So assuming the conjecture by Berg-
eron and Venkatesh, these manifolds would saturate the bound in Theorem 2 up
to a multiplicative constant.
The proof of Theorem 2 consists of two steps. First we use Young’s method
from [You05] to build a simplicial complex that models our manifold and has a
bounded number of cells of any dimension. We then use a lemma due to Bader,
Gelander and Sauer [BGS16] (based on a lemma of Gabber) that bounds the
homological torsion in terms of the number of cells (Lemma 2.11) to derive our
bound.
1.2. Volume and complexity. The main motivation for our work is formed by
results that bound the homological complexity of a complete negatively curved
n-manifold M in terms of its volume.
A classical result due to Gromov and worked out by Ballmann, Gromov and
Schröder [Gro82, BGS85], states that there exists a constant C > 0, depending
only on n, so that the Betti numbers bi(M) satisfy
(1) bi(M) ≤ C · vol(M),
for i = 0, . . . , n, where vol(M) denotes the volume of M .
More recently, Bader, Gelander and Sauer [BGS16] have shown that, when the
dimension n is at least 4, the cardinality of the torsion subgroups Hi(M,Z)tors in
homology can also be bounded in terms of the volume. They show that for all
n ≥ 4, there exists a constant C > 0, depending only on n, so that
(2) log (|Hi(M,Z)tors|) ≤ C · vol(M).
1.3. Counting manifolds by volume. We will again restrict ourselves to closed
hyperbolic manifolds. A classical result due to Wang [Wan72] states that in
dimension n ≥ 4 the number of closed hyperbolic manifolds of volume ≤ v is finite
for any v ∈ R+. Let Nvoln (v) denote the number such manifolds. The first bounds
on the growth of Nvoln (v) are due to Gromov [Gro81]. Burger, Gelander, Lubotzky
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and Mozes [BGLM02] showed that for all n ≥ 4 there exist 0 < a < b ∈ R such
that
(3) a · v log(v) ≤ log (Nvoln (v)) ≤ b · v log(v),
for all v ∈ R+ large enough.
Analogously to the case of the diameter, the volume of a commensurability class
of manifolds is the minimal volume realized in that class. Let NCvoln (v) denote
the number of commensurability classes of hyperbolic n-manifolds of volume ≤ v.
The first lower bounds on this number are due to Raimbault [Rai13]. Gelander
and Levit [GL14] showed that for all n ≥ 4 there exist 0 < a < b ∈ R such that
(4) a · v log(v) ≤ log (NCvoln (v)) ≤ b · v log(v),
for all v ∈ R+ large enough.
1.4. 3-dimensional manifolds. As opposed to in dimension 4 and above, the
number of closed hyperbolic 3-manifolds of bounded volume is not finite. This
for instance follows from work of Thurston (see for example [BP92, Chapter E]).
This means that there is also no reason to suppose that a statement like Equation
(2) holds in dimension 3. In fact, in [BGS16], the authors prove that no such
bound can exist, even for sequences of hyperbolic 3-manifolds manifolds that
Benjamini-Schramm converge to H3. We note that Frączyk [Frą17] has however
proved that for arithmetic manifolds, a similar bound to that of Bader, Gelander
and Sauer does hold.
1.5. Diameters. The number of closed hyperbolic n-manifolds of diameter at
most d is finite for any n ≥ 3 and d ∈ R+. The best known estimates on the
number Ndiamn (d) of closed hyperbolic n-manifolds of diameter ≤ d are due to
Young [You05]. He proved that for every n ≥ 3 there exist constants 0 < a < b ∈
R+ so that
(5) a · d ≤ log(log(Ndiamn (d))) ≤ b · d
for all d ∈ R+ large enough.
Equation (1) implies that the Betti numbers of a closed hyperbolic manifold
M can also be bounded by its diameter diam(M) as follows
bi(M) ≤ C · e(n−1)·diam(M),
for all i = 0, . . . n, where C > 0 is a constant depending only on n (see Lemma
2.1). Moreover, because there are hyperbolic surfaces with linearly growing
genus and logarithmically growing diameter (for instance random surfaces [BM04,
Mir13]), a bound of this generality is necessarily exponential in diameter.
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2. Background material
In what follows, n will be a natural number, M a closed oriented hyperbolic
n-manifold. We will use vol(M), diam(M), inj(M) and λ1(M) to denote the
volume, the diameter, the injectivity radius and the first non-zero eigenvalue of
the Laplace-Beltrami operator ofM respectively. Moreover, d : M×M → R+ will
denote the distance function on M . Finally, Hn will denote hyperbolic n-space
and Isom+(Hn) will denote its group of orientation preserving isometries.
2.1. Bounds involving the diameter. Many of our bounds are based on the
following well known fact.
Lemma 2.1. Let n ≥ 2. There exists a constant C > 0, depending only on n, so
that for every closed hyperbolic n-manifold M we have
C · log(vol(M)) ≤ diam(M).
Proof. The crucial observation is that the ballBM(p, diam(M)) of radius diam(M)
around any point p ∈ M , by definition of the diameter, covers M . This implies
that
vol(M) ≤ vol(BM(p, diam(M))).
On the other hand, the volume of BM(p, diam(M)) is at most the volume of a
ball of the same radius in Hn. The volume of a ball BHn(p,R) of radius R around
p ∈ Hn is equal to
vol(BHn(p,R)) = vol(Sn−1)
∫ R
0
sinhn−1(t)dt,
where Sn−1 denotes the (n − 1)-sphere equipped with the round metric (see for
instance [Rat06, §3.4]). Putting this together with the inequality above gives the
lemma. 
Moreover, we shall need a bound on the injectivity radius in terms of the di-
ameter. The following was proved by Young [You05], based on work by Reznikov
[Rez95]:
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Lemma 2.2. Let n ≥ 2. There exists a constant C > 0, depending only on n, so
that
inj(M) ≥ exp(− diam(M)/C)
for all closed hyperbolic n-manifolds M .
In order to control the diameter of a sequence of congruence covers later on,
we will use the eigenvalue of their Laplacian in combination with the following
theorem due to Brooks [Bro88, Theorem 1]:
Theorem 2.3. LetM be a closed hyperbolic manifold and Let {Mi}i∈I be a family
of finite covers of M . If there exists a constant C > 0 so that λ1(Mi) > C for all
i ∈ I, then there exist constants a, b, c > 0 such that
a <
log(vol(Mi)) + c
diam(Mi)
< b
for all i ∈ I.
2.2. Gelander and Levit’s construction. The lower bound in Theorem 1 will
come from a construction due to Gelander and Levit, which is inspired by a classi-
cal construction due to Gromov and Piatetski-Shapiro [GPS88] (see also [Rai13]).
We will briefly describe some, but not all, of the details of their construction. For
more information we refer to [GL14].
Assume we are given six compact hyperbolic n-manifolds with boundary V0,
V1, A+, A−, B+ and B− so that
- V0 and V1 both have four boundary components and A+, A−, B+ and B−
all have two boundary components.
- All the boundary components of these manifolds are isometric to a fixed
closed hyperbolic (n− 1)-manifold.
- Each of these six manifolds is embedded in an arithmetic manifolds with-
out boundary that are pairwise non-commensurable (see Section 2.4 for a
definition of an arithmetic group).
In [GL14, Section 4], Gelander and Levit explain how to construct these mani-
folds.
We will glue these manifolds according to Schreier graphs for finite index sub-
groups of the free group F2 = 〈a, b〉. Let Cay(F2, {a, b}) denote the Cayley graph
of F2 with respect to the generating set {a, b}. Given H < F2, the Schreier graph
ΓH is the graph
ΓH = Cay(F2, {a, b})/H.
Since the edges in Cay(F2, {a, b}) come with a natural labeling with the symbols
{a±, b±}, the edges ΓH come with such a labeling as well. Furthermore, note that
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the number of vertices of ΓH is equal to the index [F2 : H]. Let us denote the
vertex and edge set of ΓH by V (ΓH) and E(ΓH) respectively.
Definition 2.4. Given a finite index subgroup H < F2 and a map τ : V (ΓH)→
{0, 1}, we construct the closed hyperbolic n-manifold M(H, τ) as follows:
- To each vertex v ∈ V (ΓH), associate a copy of Vτ(v)
- and to each edge e ∈ E(ΓH), associate a copy of the pair A+, A− or
B+, B−, according to whether it is labeled with an a± or a b±.
- Glue the manifolds together according to the incidence relations in ΓH .
In particular, the order in which to glue the two blocks associated to an
edge depends on whether or not the edge is labeled with an inverse.
Note that there is some ambiguity in the construction above: there is for
instance a choice which boundary component to glue to which. Since we are
using the construction for a lower bound, this won’t make a difference to us. We
will from now on assume some choice of gluing is given for every pair (H, τ).
Figure 1 shows a cartoon of what the local picture of M(H, τ) might look like:
V0
A+ A−
V1
B+ B−
V0
a b−1
ΓH
M(H, τ)
v1 v2 v3
Figure 1. A local picture of ΓH and M(H, τ), where τ(v1) =
τ(v3) = 0 and τ(v2) = 1
In [GL14, Proposition 3.3], Gelander and Levit show:
Proposition 2.5. Let H,H ′ < F2 be distinct finite index subgroups and let τ :
V (ΓH)→ {0, 1} and τ ′ : V (ΓH′)→ {0, 1} be so that∣∣τ−1(1)∣∣ = ∣∣(τ ′)−1(1)∣∣ = 1.
Then M(H, τ) and M(H ′, τ ′) are not commensurable.
The upshot of this proposition is that the construction of Gelander and Levit
gives rise to at least aN(F2) non-commensurable manifolds on built out of graphs
with n vertices, where aN(F2) denotes the number of index N subgroups of F2.
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2.3. Graphs and groups. To work with Gelander and Levit’s construction, we
will need two bounds. We need a lower bound on aN(F2) and we need to know
what the typical diameter of a Schreier graph of an index N subgroup of F2 is.
For details on the subgroup growth of F2, we refer to Chapter 2 in the mono-
graph by Lubotzky and Segal [LS03]. We will use the following bound, that can
be found as a special case of [LS03, Theorem 2.1]:
Theorem 2.6. We have
aN(F2) ∼ N ·N !
as N →∞.
In the theorem above, we write f(N) ∼ g(N) as N →∞ to mean that
lim
N→∞
f(N)/g(N) = 1.
The distance between two vertices in a connected graph is the minimal number
of edges in a path between these two vertices. The diameter diam(Γ) of a finite
graph Γ is the maximal distance realized by two vertices in Γ.
To control the diameter of a typical Schreier graph we will use results from ran-
dom graphs. The fact that the diameter of a random regular graph is bounded
by a logarithmic function of the number of vertices can for instance be derived
from the fact that a random regular graph has a large spectral gap with proba-
bility tending to 1 as the number of vertices tends to infinity (see [Fri08, Pud15,
HLW06, BS87]). The sharpest result however does not use this method and is
due to Bollobás and Fernandez de la Vega [BFdlV82, Theorem 3]. We will state
their result only in the case of 4-regular graphs.
Theorem 2.7. Let PN denote the uniform probability measure on the set of
isomorphism classes of 4-regular graphs on N . There exists a function E : N→ R
so that
E(N) = o(log(N))
as N →∞ and
PN [The graph has diameter ≤ log3(N) + E(N)]→ 1
as N →∞.
We note that the bound is basically as low as one could possibly expect. Indeed,
with an argument very similar to that in Lemma 2.1 it can be shown that the
diameter of a 4-regular graph is at least of the order log3(N).
We won’t go into random regular graphs in this note and refer the reader to
[BFdlV82, Bol01, Wor99] for the details. We do however note that uniformly
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picking an index N Schreier graph is a slightly different model for random 4-
valent graphs than the uniform probability measure on isomorphism classes of
4-valent graphs. It turns out that the two models are what is called contiguous:
they have the same asymptotic 0-sets, which is enough for our purposes. More
details on this can be found in [Wor99, Section 4] and [GJKW02].
2.4. Arithmetic manifolds. Let G be a semisimple Lie group of noncompact
type that is defined over Q (in our case G will always be Isom+(Hn)). A discrete
subgroup Γ < G(Q) will be called arithmetic if there is a Q-embedding ρ : G→
GLm(R) such that ρ(Γ) is commensurable with G(Z) = GLm(Z) ∩ ρ(G). Arith-
metic groups come with a sequence of finite index subgroups called congruence
groups. For general background on arithmetic groups, we refer to [MR03, Mor15].
Recall that a lattice Γ < Isom+(Hn) is called uniform if Γ\ Isom+(Hn) is com-
pact. We will call Γ maximal if it is not properly contained in another lattice.
The result we will need is a bound on the number of maximal uniform arithmetic
lattices up to a given covolume in Isom+(Hn) for n ≥ 3. To this end, let MALun(v)
denote the number of maximal uniform arithmetic lattices of covolume ≤ v in
Isom+(Hn). The following theorem is due to Belolipetsky [Bel07] in dimension
n ≥ 4 and Belolipetsky, Gelander, Lubotzky and Shalev [BGLS10] in dimensions
2 and 3.
Theorem 2.8. Let n ≥ 2 and ε > 0. There exist constants α = α(n) ∈ R+ and
β = β(n, ε) ∈ R+ so that
vα ≤ MALun(v) ≤ vβ·(log v)
ε
for all v ∈ R+ large enough.
Let us now restrict to hyperbolic 3-manifolds. To get bounds on the diameters
of congruence covers of arithmetic manifolds, we will use the following theorem
due to Sarnak and Xue [SX91]:
Theorem 2.9. Let Γ < Isom+(H3) be a uniform arithmetic lattice. Then there
exists a constant C = C(Γ) > 0 so that for all congruence subgroups Γ′ < Γ we
have
λ1(Γ
′\H3) ≥ C.
If a lattice Γ < SL2(C) has a sequence {ΓN}N of finite index subgroups so
that λ1(ΓN\H3) is uniformly bounded from below for all N ∈ N, then Γ is said
to have Property (τ) with respect to this sequence. In the special case where Γ
is arithmetic and the sequence consists of congruence subgroups, Property (τ) is
sometimes also called the Selberg property.
Congruence covers are also believed to have large torsion subgroups in their
homology. Specifically, there is the following conjecture, due to Bergeron and
Venkatesh [BV13], which we state in the special case of hyperbolic 3-manifolds:
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Conjecture 2.10. Let Γ < SL2(C) be a uniform arithmetic lattice and . . . <
ΓN < ΓN−1 < . . . < Γ1 < Γ a sequence of congruence subgroups of Γ so that
∩NΓN = {1}. Then
lim
N→∞
log (|H1(ΓN\H3,Z)tors|)
vol(ΓN\H3) =
1
6pi
.
The reason for the constant 1/6pi above is that it is the `2-torsion of H3.
2.5. Torsion and the nerve lemma. To bound torsion in our manifolds we
will use a lemma by Bader, Gelander and Sauer [BGS16, Lemma 5.2], that they
derived from a lemma due to Gabber (which can for instance be found in [Sou99,
Lemma 1]). In this lemma, the degree of a vertex (0-cell) in a simplicial complex
is the degree of that vertex in the 1-skeleton of the given complex.
Lemma 2.11. For all D, p ∈ N there exists a constant C = C(D, p) > 0 so that
for any simplicial complex X with ≤ V vertices that all have degree ≤ D we have:
log (|Hp(X,Z)tors|) ≤ C · V.
The simplicial complex we will use will be the nerve of an open cover of our
manifold. Recall that an open cover of a space X is a collection U = {Ui}i∈I of
open subsets of X so that
X =
⋃
i∈I
Ui.
The nerve N (U) of this cover is the simplicial complex that has the sets Ui as
vertices and contains a k-simplex for every k-tuple of elements in U that have a
non-trivial intersection. See [Hat02, Section 4G] for more details.
The following statement is known as the nerve lemma and can for instance be
found as [Hat02, Corollary 4G.3]:
Lemma 2.12. If U is an open cover of a paracompact space X such that ev-
ery nonempty intersection of finitely many sets in U is contractible, then X is
homotopy equivalent to the nerve N (U).
3. Counting
We are now ready to prove Theorem 1:
Theorem 1. For all n ≥ 3 there exist 0 < a < b so that
a · d ≤ log(log(NCdiamn (d))) ≤ b · d
for all d ∈ R+ large enough.
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Proof. The upper bound is direct from Young’s result (Equation (5)), so we focus
on the lower bound.
Consider the building blocks defined by Gelander and Levit and set
D = max{diam(V0), diam(V1), diam(A+), diam(A−), diam(B+), diam(B−)}.
Because all the building blocks are compact, this is a finite number. Given a
finite index subgroup H < F2 and a map τ : V (ΓH)→ {0, 1}, we have
diam(M(H, τ)) ≤ 2D · diam(ΓH) + 2D.
Indeed, suppose x, y ∈ M(H, τ). Then the number of building blocks that need
to be crossed to get from x to y is at most 2 diam(ΓH) + 2, including the building
blocks containing x and y.
Because of Theorem 2.6 combined with Theorem 2.7 and Stirling’s approxi-
mation, there exists a C > 0 so that the index N subgroups of F2 for N large
enough produce at least
C ·NCN
non-isomorphic graphs of diameter ≤ log3(N)+o(log(N)). If we now define maps
τ : V (Γ) → {0, 1} that assign the value 1 to only one vertex per graph Γ, we
obtain C ·NCN manifolds of diameter d ≤ 2D log3(N) + o(log(N)). Working this
out, we see that this number of manifolds is at least
exp(C ′ · d · exp(C ′ · d)),
for some C ′ > 0. Proposition 2.5 tells us that none of the resulting manifolds will
be commensurable. 
Corollary 1 now also easily follows.
Corollary 1. Let n ≥ 3. We have
lim
d→∞
Pn,d[The manifold is arithmetic] = 0
Proof. The only thing we need to control is the number of maximal uniform arith-
metic lattices of diameter ≤ d in Isom+(Hn). Let us call this number MALDun(d).
By Lemma 2.1 we have
MALDun(d) ≤ MALun(ed/Cn)
for some Cn > 0 independent of d. As such, Theorem 2.8 implies that for every
ε > 0 there exists a β′ > 0 so that
MALDun(d) ≤ exp(β′ · d1+ε).
Comparing this to Theorem 1 gives the result. 
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4. Torsion
In this section we prove Theorem 2 and explain how a positive answer to
Conjecture 2.10 would lead to a sequence of manifolds that saturates the bound
in that theorem up to a multiplicative constant.
4.1. An upper bound for torsion in homology. We will start with:
Theorem 2. For every n ≥ 2 there exists a constant C > 0 so that
log log (|Hi(M,Z)tors|) ≤ C · diam(M)
for all i = 0, . . . , n for any closed hyperbolic n-manifold M .
Proof. Our final goal is to employ Lemma 2.11. In the language of [BGS16]: we
need to show that a closed hyperbolic manifold M is homotopy equivalent to a
(D,C · diam(M))-simplicial complex, where C,D > 0 are constants depending
only its dimension. The simplicial complex we build is the same as that used for
the upper bound in Young’s result (Equation (5)).
Set r = inj(M) and let S ⊂M be a maximal set of points so that
d(s, s′) ≥ r/4
for all s, s′ ∈ S. Now consider the collection
U = {BM(s, r/2)}s∈S,
where BM(s, r/2) denotes the open ball in M of radius r/2 around s. It follows
from maximality of S that these balls form an open cover. Moreover, because
their radius is half the injectivity radius they are isometrically embedded n-
dimensional hyperbolic balls. As such they are convex, which means that their
intersections are convex and thus contractible. Hence, the nerve lemma (Lemma
2.12) applies. This means that the homology groups we are after are those of
N (U).
So we need to find bounds on the number of vertices and their degrees in N (U)
in order to apply Lemma 2.11.
The number of vertices, or equivalently the number of points in S, can be
bounded by
|S| ≤ vol(M)
vol(BHn(p, r/4))
≤ D · vol(M)
(r/4)n
,
where BHn(p, r/4) is the ball of radius r/4 around some point p ∈ Hn and D > 0
is some constant depending only on the dimension. The second of these bounds
again follows from the closed formula for the volume of a ball in Hn. Now we use
Lemma 2.2 and Lemma 2.1 to tell us that
(r/4)n ≥ exp(−C diam(M)) and vol(M) ≤ exp(C diam(M))
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for some C > 0 depending only on n. So we obtain
|S| ≤ A · exp(B diam(M)).
for some A,B > 0 depending only on n.
All that remains is to show that each vertex has a bounded number of neigh-
bors. First of all note that all the neighbors of a point s ∈ S lie in BM(s, r) ⊂M .
By definition of S, the balls of radius r/8 around the neighbors of s are all disjoint
and all lie in BM(s, 9r/8). This means that the number of neighbors is at most
vol(BM(s, 9r/8))
vol(BM(s, r/8))
≤ vol(BHn(s, 9r/8))
vol(BHn(s, r/8))
,
which, for r small enough, is uniformly bounded in each fixed dimension. 
4.2. Sharpness of the bound. Like we said in the introduction, if Conjec-
ture 2.10 holds then we would get a sequence of closed hyperbolic 3-manifolds
{MN}N∈N such that diam(MN)→∞ as N →∞ and
log log (|H1(MN ,Z)tors|) ≥ C diam(MN).
for some C > 0 independent of N . Indeed, it follows from Theorem 2.3 together
with Theorem 2.9 that for a uniform arithmetic group Γ < SL2(C) and a sequence
of congruence subgroups {ΓN}N , the manifolds MN = ΓN\H3 satisfy
diam(MN) ≤ A · log(vol(MN)).
It would follow from Conjecture 2.10 that
vol(MN) ≤ B · log (|H1(MN ,Z)tors|)
for all N and some B > 0 independent of N . Putting these two together would
give the desired result.
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